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STRUCTURAL STABILITY AND GROUP COHOMOLOGY
BY
PHILIP J. FLEMING

ABSTRACT. We prove a version of the theorem of Stowe concerning the stability of
stationary points of a differentiable group action which is valid on Hilbert mani-
folds. This result is then used to show that the vanishing of certain cohomology
groups is sufficient to guarantee structural semistability for a differentiable action of
a group of finite type on a closed smooth manifold. We then apply this to groups of
diffeomorphisms of the circle.

CHAPTER 1. INTRODUCTION
This paper is concerned with certain types of stability for differentiable actions of
a finitely presented group on a differentiable manifold. The results are of two types.
In Chapter II we prove a variation of D. Stowe’s stability theorem [20] which is valid
for Hilbert manifolds. This is used in Chapter III to obtain a group-cohomological
criterion for a type of structural semistability. We then apply this to obtain new
results about groups of diffeomorphisms of the circle.

The definition of structural stability for group actions. Let M be a smooth closed
Riemannian manifold and let Diff“(M), k > 0, be the space of C*-diffeomorphisms
of M with the Whitney C*-topology. Let Diff °(M) denote the space of homeomor-
phisms of M with the metric topology. A C*-action of a group G on M is a group
homomorphism a: G — Diff (M) and the set of all C*-actions of G on M will be
denoted by Act“(G, M). If G is finitely generated we may topologize Act“(G, M) by
choosing a finite set of generators K of G and giving Act“(G, M) the relative
topology as a subspace of {f: K - Diff“(M)|f any function}. It is clear that this
topology is independent of the choice of the finite set of generators.

DEFINITION. An action a in Act*(G, M) is said to be structurally stable if there is
a neighborhood U of a in Act*(G, M) such that for all actions 8 in U there is a
homeomorphism 4 of M such that for all gin G

(1) a(g)oh=hop(g).

History. The theory of structural stability for the general group action is still in its
infancy. There are no general theorems, but only studies of special classes of group
actions. The most striking result is the theorem, which was conjectured by Smale [18,
19] and proved by Robbin [14] and Robinson [15], that an action of the integers
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generated by a C'-diffeomorphism of a closed manifold M which satisfies Smale’s
Axiom A and the Strong Transversality Condition is structurally stable. It is still
unknown whether these hypotheses are necessary for structural stability.

The compact Lie groups form a class of groups for which the theory of structural
stability is completely understood. Palais [10] proved that a C*-action, k = 1, of a
compact Lie group on a closed manifold is always structurally stable. Furthermore,
the conjugating map A in equation (1) may be taken to be a C*-diffeomorphism.

The most important work done on the structural stability of actions of discrete
groups other than finite groups or the integers was done by Pugh and Shub [12, 13].
Roughly speaking, their results are that a differentiable group action which has a
structurally stable diffeomorphism in its center is structurally stable. Also, Camacho
[3] defined the notion of a Morse-Smale action and showed that Morse-Smale
actions of certain groups on two-dimensional manifolds are structurally stable. Palis
[11] has shown that among all smooth diffeomorphisms of a given manifold
satisfying Axiom A and the Strong Transversality Condition the ones with discrete
centralizers contain an open dense subset. Using this he then proves that certain
“almost trivial” actions of a free abelian group are structurally stable.

In conclusion, the work of P. R. G. Sad [16] deserves to be mentioned. He has
found a structurally stable action of the free abelian group on two generators on a
product of spheres.

The Local Rigidity Theorem of A. Weil and the Stability Theorem of D. Stowe. In
this section the relation between the two results in the title will be demonstrated and
their relation to this dissertation indicated.

Let G be a finitely generated group and H a Lie group. Let Hom(G, H) denote
the space of group homomorphisms from G to H with the topology it inherits as a
subspace of { f: K — H | f any function} where KX is a finite set of generators for G.
We say that a in Hom(G, H) is locally rigid if there is a neighborhood U of a so that
Bin U implies that there is an 4 in H such that ha(g) = B(g)h for every gin G.

Given a in Hom(G, H), we may define a linear action of G on H, the Lie algebra
of H, by g- X = Ad(a(g))(X) where Ad denotes the adjoint action of H on H.
Letting H'(G, H) denote the first cohomology of G with respect to this action we
can now state the theorem [21].

WEIL’S LOCAL RIGIDITY THEOREM. If H'(G, H) = O then a is locally rigid.

The idea behind the main theorem of Chapter III is to replace the Lie group H by
Diff (M) and thus get a structural stability theorem. There are two main difficulties
with this approach: Diff¥(M) is not a differentiable group (left multiplication is not
differentiable), and one cannot expect a differentiable conjugating map because of
eigenvalue problems.

The recent work of D. Stowe which will be described below provides the idea for a
way out of both of the above mentioned difficulties. Let G be a finitely generated
group and M be a finite dimensional smooth manifold (possibly noncompact).
Topologize Diff'(M) by requiring that a net {f,} converges if and only if the
corresponding net {Df,} of homeomorphisms of TM, the tangent bundle of M,
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converges uniformly on compact subsets of M. (Note: If M is compact this is the
same topology as described in the first section.) Let Act'(G, M) be defined as in the
first section with the same relative topology.

Given an action a in Act'(G, M) and a point p in M, we say that p is a stationary
point for a if a(g)p = p for all g in G. A stationary point p is stable if for every
neighborhood U of P in M there is a neighborhood ¥ of a in Act'(G, M) such that
for all Bin V, B has a stationary point in U.

When p is a stationary point for an action a we may define a linear action of G on
T,M, the tangent space to M at p, by g- X = Da(g),(X). Letting H'(G,T,M)
denote the first cohomology of G with respect to this action the theorem may now be
stated [20].

STOWE’S STABILITY THEOREM. If H'(G, T,M) = 0 then p is stable.

The following proof that Weil’s theorem is a corollary of Stowe’s theorem suggests
both analogues of Weil’s theorem in the theory of structural stability and their
proofs from analogues of Stowe’s theorem on infinite dimensional manifolds of
maps.

PROPOSITION. Stowe’s Stability Theorem implies Weil’s Local Rigidity Theorem.

ProoF. Given « and 8 in Hom(G, H') define an action [a, 8] on H by

[, B1(g)(h) = a(g)hB(g)".

Clearly [a, a] has e, the identity element of H, as a stationary point and if 8 is close
to a in Hom(G, H) then [a, B8] is close to [a, a] in Act'(G, H). Hence, by Stowe’s
theorem, if H'(G, T,H) = 0 then e is a stable stationary point of [a, a]. This means
that for B sufficiently close to « there is an element 4, in H such that

ho = [, B1(8)ho = a(g)hoB(g)”

for all g in G. Therefore, h,B(g) = a(g)h, for all g in G. To complete the proof we
observe that H'(G, T,H) = H'(G, H) which follows from the fact that H = T,H
and D[a, a](g), = Ad(«(g))-

I would like to thank J. Robbin for bringing Stowe’s work to my attention and
especially my advisor Tom Farrell for his help and encouragement.

CHAPTER II. STOWE’S THEOREM ON HILBERT MANIFOLDS
In this chapter we will state and prove a version of Stowe’s Stability Theorem
which is valid for actions of a finitely presented group on a smooth Hilbert
manifold.

The space of group actions on a smooth Hilbert manifold. Let M be a smooth
Hilbert manifold with a given metric (see [8] for relevant definitions concerning
infinite dimensional manifolds). We say that a homeomorphism of M is a C*-diffeo-
morphism if it and its inverse possess k continuous Frechet derivatives. Let Diff (M),
k =0, denote the space of all C*-diffeomorphisms of M with the topology of
uniform convergence of all k derivatives on bounded subsets of M. More precisely, a
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net of C*-diffeomorphisms converges if all derivatives up to and including order k
converge uniformly on every bounded subset of M.

The space Act“(G, M) is then defined as in Chapter I when G is finitely
generated. It is a subspace of {f: K - Diff*(M)|f is any function} where K is a
finite set of generators for G. The definitions of stationary point and stable
stationary point of an action a in Act*(G, M) are the same as in the case that M is
finite dimensional (see Chapter I).

The operator DR. Given a in Act'(G, M), where
G =815 s8u|Tir slm)
is a finitely presented group, we may associate an operator DR to a stationary point
p as follows:

Let w be a word in the generators g,,...,g, of G and let dw/dg;, 1 <i < n, be the
formal sum of integer multiples of elements of G defined inductively by rules (a), (b)
and (c).

(a) de/dg; = 0 where e is the empty word.

(b)

g, [0 ifi#j,
g {1 ifi =j.

(c) duv/dg, = du/dg; + udv/0g; for all words u and v.
(3w/dg; is called the Fox derivative of w with respect to g;.) If dw/dg, = 2 c;n,8
and v is in T, M define 9w /dg; - v = 2 n,Da(g),(v). Since only finitely many of the
ng are nonzero, this makes dw/dg; into a bounded linear operator on 7, M. Now
define Dw: (T,M)" - T,M by

& 0w

DW(D],...,Un): @

v;.

i
i=1

Finally, the operator DR: (T,M )" — (T,M )™ is defined by
DR(v) = (Dr(v),...,Dr, (7)) whered = (v,,...,0,)
and, recall, r,,...,r,, are the relations among the generators of G. It is clear that DR

is a bounded linear operator. The following elementary fact from combinatorial
group theory will be useful later.

PROPOSITION A. Let f: {g,,...,8,} = T,M be any function. If (f(g,),....f(g,)) €
ker DR then f determines a well-defined crossed homomorphism by insisting that f
satisfy f(gh) = f(g) + gf(h). Conversely, if f: G > T,M is a crossed homomorphism
then ( f(g,),....f(g,)) € ker DR.

The main theorem and some auxiliary lemmas. For CZ2-actions of the finitely
presented group G on the smooth Hilbert manifold M with stationary point p we
have

THEOREM 2.1. If H\(G, T,M) = 0 and the image of DR is closed then p is stable.
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The proof of this theorem requires the following;:

LEMMA 1. Let A: E — F be a bounded linear operator on the Banach spaces E and F,
K a convex subset of E and f: E - F a C'-map satisfying || Df, — Al < & for all x in
K. Then |f(a) — f(b) — A(a — b)|<e|a—b| forall aand b in K.

LEMMA 2. Let f: E — F be a C'-map between the Banach spaces E and F such that
f(0) = 0. If ker Df, splits E and Im Df, is closed in F then, for any closed complement
W of ker Df, in E, the origin is an isolated zero of f| W, the restriction of f to W.

LEMMA 3. Let C*(U, R) denote the Banach space of C?-maps from a neighborhood U
of the origin in a Hilbert space to the real numbers, R. If f is in C*(U,R) and has the
origin as a nondegenerate critical point then there is a neighborhood N of f in C*(U,R)
such that for all g in N there is a critical point x , of g such that x , approaches the origin
as g approaches f.

The proof of Theorem 1 in the case where M is a Hilbert space. We first introduce
some notation.

M = H and «a is a C*-action on H.

p(g) = Da(g), where g € G and p is a stationary point of the CZ-action a.

F: H - H" is the C2-map defined by

F(v) = (a(g)v — v,...,a(g,)0 — v).

V =ker DF, = N7_ ker(p(g;) — I) = N csker(p(g) — I).
W= {weH|{v,w)y=0forallv € V}.
h: H - R is the C*-functional defined by

h(x) =S la(g)x - x]"

i=1

Without loss of generality assume that p is the origin of H and note that
T,H =H. Let H'(G,H) denote the first cohomology of G with respect to the
bounded linear action p, and observe that H'(G,H) = 0 is equivalent to ker DR =
Im DF,.

The proof is by contradiction. Given a sequence of C2-actions 8, which converge
to a but do not have stationary points converging to the origin, we construct a
sequence of “approximate cocycles”. This sequence of “cocycles” then yields a
sequence of vectors y; in H. We then differentiate certain functionals 4, associated to
B, in the direction y, to arrive at the desired contradiction.

Assume there is an open ball B about the origin in H and C?-actions B, B,,. ..
such that:

(@) h(x)=0forallx € WnN Eexcept x =0;

(b) foreach 1 <i<n, Bj(gi) - a(g;), D,Bj(gi) - Da(g,) and DZBj(gi) - D’a(g,)
uniformly on B;

(c) define hj(x) = Z_,|B(g)x — x |2, then h;| W N B has a nonzero critical
point x; € W N B such that x; approaches zero as j approaches infinity.
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The fact that B may be chosen to make condition (a) hold follows from Lemma 2.
Condition (c) relies on Lemma 3 and the fact that D2h(0) | W is nondegenerate since
n
D?h(0)(x, ) =2 X (p(g)x — x, p(8)y — »)-
i=1
Condition (b) implies that B;(g)x; approaches zero as j approaches infinity for each
g in G since this is true for g = e by Lemma 3 and the set of elements of G for which
this holds is closed under left multiplication by generators. Similarly, letting §,(g, h)
denote the supremum of || DB,(g), — p(g)ll along the segment from x; to B,(h)x,

we see that for fixed g, h € G, §,(g, h) approaches zero as j approaches infinity.
Define functions u;: G - H by

12
“,'(g) = hj(xj) g (Bj(g)xj - xj)'
The following three claims show that as j approaches infinity, u; behaves more and

more like an honest cocycle.
Claim 1. 1f h,...,h p are elements of G, with h the identity element of G, then

2
p—1 p—1
“j(hl "'hp) -2 p(ho "'hi)“j(hi+|) <X gj(hl o hy, hi+l)luj(hi+l)|

where we take the right side of (2) to be zero if p = 1.

Claim 2. For fixed h € G, the sequence u,(h) is bounded.

Claim 3. 1im,_, , | DR(u(g,),---,u;(8,))|= 0. _

PrOOF OF CLAIM 1. Using the fact that | DB,(g), — p(g)ll <§;(g, k) for x on the
line segment connecting x; to B,(h)x; and Lemma 1, we have

|B(2)B,(h)x; — B,(g)x; — p(&)(B(h)x, — x;) |< &8, h) | B,(h)x; — x;] .
Hence,
| (B()B,(R)x; — B(8)x,) () (x,))"* — p()u,(h) < &(8, h) |w,(h)] .
If p = 1, (2) is trivial and if p = 2, note
u,(gh) = (B,(gh)x; — "j)(hj("j))-l/2
= (B(2)B,(h)x, = B()x;)(h(x)"*
+(B(8)x; - xj)(hj(xj))—l/z-
So,
lu(g) +o(g)u;(h) —u(gh)|<§(g, h)|u(h)].
We now proceed by induction and assume (2) is true for p = ¢q. Adding
| uj(hl coe hq) + p(h, to hq)“j(hq+1) - uj(hl T hq+l) |
< gj(hl e 'hqa hq+1) | uj(hq+1) |
to (2) and using the triangle inequality, we get (2) forp = q¢ + 1.
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ProOF oF CLAM 2. By Claim 1 it suffices to establish this claim when 4 is either a
generator, the inverse of a generator, or the identity e of G. It is easy to see that
u,(e) =0 foralljand

n -1/2
| uj(gi) |=|Bj(gi)xj - le 2 IBj(gp)xj X, 2
p=1
<1 foralljandalll <i<n

Also, using (2), we see that

lu;(g7') + o(g7)u(g) —u(ge™") I<&(287") lu(g)]

Hence,

| uj(gi-l) |< gj(gi’ gi-l) | uj(gi) | +”P(8i—l)“ | “j(gi) |
<¢(g. &™) + lie(g ).

PROOF OF CLAIM 3. Let 7, = h, - - - h,, be a relator where h, is either a generator or
the inverse of a generator and observe

Eho = aakgH where by = e.
P

i

ag.

Also,

O,
ag;

Jute) = ()| =0

if h, ., is a generator. And for h, ,, = g;‘, for some 1 < g < n, we have

n

5 o Tt ) — e

=

=|u;(g;") +p(g;")u,(g,)]1

which approaches zero as j approaches infinity. Finally, note that

pﬁ_“ p(hy - hk)uj(hk+l)

lim
J=© | k=0
= lim |u;(hy - h,) = 2 p(ho -+ b )u(hyyy)
j— oo
p—1
Sjlim > gj(hl "'hk’hk+|)|“j(hk+1)|
% k=1

=0 byClaim2.
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The following inequality finishes the proof.

p—1
Dr:(uj(gl)""’uj(gn)) - kgop(ho T hk)“j(hk+|)

3h S |
(ho coohy a';“' )uj(g,) - kgop(ho b u(hyyy)

i=1 k=0

p—1
< 2 ”P(ho k)”
k=0

3 o Fert ) — )

Hence, Dr(uy(g,),...,u;(8,)) approaches zero as j approaches infinity for all
1 < s < m. This complete the proof of Claim 3.
We now construct a bounded sequence y; in W such that
-1/2
hm D, hi(x;)(h,(x)) "= -2,

J

where h; = h,| W N B and D, denotes the directional derivative. This contradicts
the fact that x; s a critical pomt of h

Let (u (81)s---,u(8)) =9 + w;, where 0, € ker DR and w, € (ker DR)™ .
By Claim 3, lim oo | DR(WIJ.) |= 0. Since DR, restricted to (ker DR)™, is injective
and has closed image, it satisfies | DR(x)|= 8| x| for some constant § > 0 (see [4]).
This implies that lim oW, = 0. Hence,

(3) lim |@, — 5;|= 0.

Jjoo

By Proposition A and the hypothesis that H'(G, H) = 0, we have

(4) 5= (3= 0(8)y-5 = 0(8.)y)

for some y; € H. If we choose y; € W then, since DF, restricted to W is injective and
has closed image (recall, Im DF, = ker DR), we have & | y;|<| DFy(y;) |=| v;| . Hence
J; is a bounded sequence because u; is a bounded sequence. Now note that

Dyj};j('xj) =2 2 <Bj(gi)xj — X Dﬁj(gi)xjyj - -yj>
i=1

Hence,

Dyj};j(xj)(hj(xj))—l/z =2 é <uj(gi)’ DBj(gi)X,yj — -

i=1

And so
- -1/2
|Dyihj(xj)(hf(xj)) +2]

D, (x;)(h(x))"* +2 2 (ulg)u, (g.)>]

:’2 2 <uj(gi)’ DBj(gi)x,yj -yt uj(gj)> .
i=1
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Claim 4. 1im,_ , | DBj(gi)xjyj —ytu(g)|=0forl<i<n.
ProOOF OF CLAIM 4. We have

Jim | DB(8:)x,; =5, = (e(8:)y; = ) 1< lim 1DB,(5,)x, = o)1l 15,]=0

since y; is bounded and DB,(g;) converges uniformly to Da(g;) on B. Equations (3)
and (4) now yield the claim. The claim implies that

. ~ -1/2
lim Dy/hj(xj)(hj(xj)) = -2,
Jj— oo
contradicting the fact that x; is a critical point of ;. This completes the proof in the
case where M is a Hilbert space.

The proof in the general case. We now show that with suitable care the argument
given in the last section may be made in coordinate charts about the stationary point
p.

Let U’ be an open neighborhood of the origin of a Hilbert space H and y: U — U’
a coordinate chart at p such that Y( p) = 0. Define a bounded linear action p of G
on H as follows. Let U; = $(U N a(g)“(U)) and S = {(g,x) EGXH|x € Ug}-
It is easy to see that S is open in G X H, G X {0} is contained in S, and
a(g)=vyoalg)oy™ U~ Uisa C*-embedding. Since 0 € U; forall g € G, we
may define p by p(g) = Da’(g),. Clearly, H'(G, T,M) ~ H'(G,H) and DR has
closed image if and only if DR’ has closed image, where DR’ is the operator
associated to p. In the proof we show that if H'(G,H) = 0 and DR’ has closed image
then p is stable.

Let ¥ = N_ ker(p(g;) — I) and W = V* . Define h: N, U; = Rby

h(x) = 3 |o(g)x — x|
i=1
The proof, as in the last section, is by contradiction. Assume that there is an open set
B about p in M and C?-actions B, B,,. .. converging to a such that

B =y(B) C N, Y,

(2)B(g)B) C Uforallj=land 1 <i<n.

Condition (2) implies that all of the B; are close enough to a so that B/(g,) =
Yo B(g) oy isdefinedon B' forj=land 1 <i<n.

Claim 1. For every g € G there is a ball B; about 0 € H and an integer /, such
that B/(g) is defined on B; fori = I,.

PRrROOF. It suffices to show that the subset of G for which the claim is true is
nonempty and closed under right multiplication by generators of G. To see that it is
nonempty, take B, = B’ and I, = 1 where e is the identity element of G. Now, if
B/(g) is defined on By for i=>1, then B/(gg;) = B/(g)° B/(g,;) is defined on
B; N B( g;)"'(B’), which is nonempty and contains the origin for sufficiently large j
because B/(g;) — «'(g;) uniformly on B’. This completes the proof of the claim.

Now define h;: B” > R by

n
hj(x) = 2 ‘le(gi)x - X |2-

i=1
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By Lemma 3 we may assume that 4;| W N B’ has a nonzero critical point x L E B,
j=1. By Lemma 2 the origin is an isolated nondegenerate critical point of
h|WnN B’. Using Claim 1, for every g € G there is an integer N, such that B/(g)x;
is defined (i.e. x; € B)) for j = N,. It is then easy to see that B/(g)x; approaches zero
as j approaches infinity by an argument similar to the proof of Claim 1.

Given g, h € G, it is now easy to see that the line segment joining x; and B/(h)x;
is contained in B; for sufficiently large j and that §(g, h), the supremum of
I DB/(g), — p(g)Il along this segment, tends to zero as j tends to infinity. Now
define

u(g) = (B(g)x, — x;)(hy(x)) "
forallj = N,.

Claim 2. There is an integer M(h,,...,h,) for any elements h,,...,h, € G, k = 2,
such that forj = M,

k-1 k—1
2 P(ho"'hi)“j(hi+|) - uj(hl coh)< 2 gj(hl "'hi»hi+|)|“j(hj+|)|
i=0 i=1

where h, is the identity element of G.

The proof of this claim is the same as the proof of Claim 1 of the last section once
u, is defined on the appropriate elements of G.

Claim 3. For fixed g € G, the sequence u/(g) is bounded. Again the proof of this
claim is identical to the proof of Claim 2 of the last section.

Claim 4. 1im _ ., | DR'(u;(g,),...,u;(8,))|= 0.

This is Claim 3 of the last section. The remainder of the proof in the general case
is identical to the case M = H given in the last section if we replace a by a’ and B,
by B/.

More on DR. Let G=(g,,...,8,|r,...,r,) be a finitely presented group.
Following [2] we say that G is of type (FP),, n = 0, if there is a projective resolution
of the trivial G-module Z

P> P, > P —>2Z-0
such that P, is finitely generated over ZG for 0 < i < n. Here, Z denotes the integers
and ZG denotes the so-called group-ring of G consisting of all finite formal sums of
integer multiples of elements of G.

PROPOSITION 2.2. Let H be a Hilbert space on which G acts by bounded linear
operators. If G is of type (FP), and H*(G,H) is finite dimensional then the image of
DR is closed.

The following three lemmas are needed in the proof of Proposition 2.2. If M is a
G-module generated by a,...,a, and H is a G-Hilbert space (that is, a Hilbert space
on which G acts by bounded linear operators) then Hom (M, H) is a Hilbert space
with norm given by

14
1/ = 2 1 f(a) .
i=1

In the following we suppress the subscript G in Homg;.
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LEMMA A. If y: M — N is a G-homomorphism between finitely generated G-modules
then y*: Hom(N, H) - Hom(M, H) is continuous with respect to the norm topology.

Proor. First note that the topology induced by the norm is independent of the
choice of generators. Let ay,...,a, generate M and let b,,...,b, generate N. Let

¥(a;) = 29_,v/b,where y] € ZG, 1 <i<p, 1<, <q. Wehave

2

1P = 3 AMa))F = 3

i=1

q .
f( ZY}b,)
j=1

2 Y;f(bj)

j=1

P q )
<3 3 IyIiAs) P

where C = max, ;<, 2%, lly/lI> and || || denotes the operator norm.

This shows that ¢* is a bounded linear operator and hence is continuous.

Let F be a finitely generated free group that maps onto G and let R denote the
kernel of this surjection. Let R, = R/[R, R] where [R, R] denotes the commutator
subgroup of R. The abelian group R, has a natural G-module structure and if G is
finitely presented, R, is finitely generated as a ZG-module (see [2]). Let =:
FR — R, be an epimorphism of the finitely generated free ZG-module FR to R,

and let K = ker 7.

LEMMA B. If G is of type (FP), then K is finitely generated over ZG.

Proor. Consider the resolution of Z,
J doa ] 3
0-K->FR - EG-1G~1Z - 0,

where e(Zn,g) = Zn,, EG is the free ZG-module on the symbols e|,.. . e,, 8(e;) =
g — 1,0: R, — EG is the map dw = Z"_, dwe,/dg, and j is inclusion (see [17]). On
the other hand, by hypothesis we have a projective resolution
-P,>P,»P -P~7Z-0
where Py, P|, P,, and P, are finitely generated. Letting L = ker(P, — P,) we have
the resolution
0>L—-P,—P —»Py—Z-0.

We now apply the generalized Schanuel lemma (see [7]) and conclude
KOP,®EGO®ZG=LO®FR® P ®P,.

Observing that L is the image of the finitely generated module P; and hence is

finitely generated completes the proof of Lemma B.

LemMA C. DR = 9*: Hom(EG, H) — Hom(R,,, H).
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PROOF. It is easy to see that every element of R, is of the form 3, y,r, where r, is
a relation of G and vy, € ZG. Now calculate,

a%( f)( é y)

m m

2 v f(or) = ; Yif( é %ej‘)

S n(fle).owste)

PROOF OF PROPOSITION 2.2. We have the following exact sequence of finitely
generated G-modules:

I

Jj=1

J dom [} €
0-K—-FR - EG-ZG->Z -0

m 20
Rab

Applying Hom(-, H) we get

Hom( K, H) - Hom( FR, H) «

m* 0 9*

0*
— Hom(EG,H) <« Hom(ZG, H)

where all maps are continuous by Lemma A. Since H?(G, H) is finite dimensional by
hypothesis we see that the image of #* o 9* has finite codimension in ker j* and
hence is closed. That means 7*(Imd*) is closed and so 7*~!' (7*(Imd*)) is closed.
Since 7* is injective this implies that Im9* is closed. Lemma C now completes the
proof.

COROLLARY 2.3. If G is a finite group acting on a Hilbert space by bounded linear
operators then DR has closed image.

PROOF. It is easily seen that a finite group is (FP), for all n and that H*(G, H) is
zero regardless of the particular action.

The next proposition says that the set of actions for which DR has closed image is
closed under taking free products.

Let a and B be continous linear actions of the finitely presented groups G and H,
respectively, on the topological vector space V. Define an action a * 8 of the free
product of Gand H, G« Hon Vby a * B(g) = a(g) if g € G and a * B(h) = B(h)
if h € H, and by requiring that « * 8 actually be an action.

PROPOSITION 2.4. If the operators associated to a and B both have closed images
then the operator associated to a * 8 has closed image.

The proof of this proposition is immediate. We close this chapter with the
following theorem.

THEOREM 2.5. If G is a free product of finite groups and free groups then DR is
always closed.

ProOF. This is a consequence of Corollary 2.3 and Proposition 2.4.
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CHAPTER III. S-STRUCTURAL STABILITY
In this chapter we prove an analogue of Weil’s Local Rigidity Theorem for
differentiable actions of finitely presented groups. We then apply this result to
actions on the circle.

A stability theorem. Let G = (g,,...,8,|r,-..,r,,» be a finitely presented group
and let M? be a smooth closed Riemannian manifold of dimension 4. Given a
Ck-action a: G — Diff“(M) we may define a bounded linear action of G on
W*(TM), d/2 <s <k, called the adjoint action and denoted a,. Here W*(TM)
denotes the set of sections of TM which are in W*(M, TM). (See the appendix for
relevant definitions and theorems concerning the Sobolev spaces W*(M, N).) This
adjoint action is given by

a4(g)(v) = Da(g) e voa(g) ™.
Let DR: W(TM)" - W*(TM)™ denote the operator associated with a, as de-
scribed in Chapter 11, and let H'(G, W*(TM)) be the first cohomology of G with
respect to the linear action a,.

THEOREM 3.1. Let a be a C*-action, whered/2 <s <k — 2. If H\(G, W*(TM)) = 0
and the image of DR is closed then for all actions B sufficiently close to a in
ActX(G, M) there is a map h € WS(M, M) such that

(5) B(g)oh=hoa(g)
forall g € G.

PrOOF. For any C*-action 8 in Act“(G, M) define an action [ 8, a] on W*(M, M)
by [8, al(g)(h) = B(g)ha(g)™'. It is a result of Theorem A.2 (see the Appendix)
that this is a well-defined C*~*-action of G. By Theorem A.3, if B is C*-close to «
then [B, a] is C¥~*~close to [a, a]. It is clear that D[a, a](g),y = a,(g), for all g in
G, where id denotes the identity map of M. Also, by Theorem A.1, WS(TM) =
T W¥(M, M). Hence [a, a] has id € W*(M, M) as a stationary point and satisfies
the hypothesis of Theorem 2.1. Therefore, if 8 is sufficiently close to a in Act’(G, M),
there is a map h € W*S(M, M) such that [B, a)(g)(h) = B(g) o ho a(g)™' = h. The
theorem follows.

The Sobolev Embedding Theorem implies that if s = [d/2] + 1, where [d/2] is
the greatest integer less than or equal to d/2, then W(M, M) C C°%(M, M) and the
inclusion is continuous. Hence, for 8 sufficiently close to «, the map /4 in equation
(5) may be taken to be homotopic to the identity and hence onto. For s > [d /2] + 1
the map is differentiable, and hence for B sufficiently close to a we may take 4 to be
a diffeomorphism since Diff '(M) is open in C'(M, M). We will say that an action «
satisfying the conclusion of Theorem 3.1 for s = [d/2] + 1 is S-semistable. If, in
addition, the map 4 in (5) is a homeomorphism we say that « is S-structurally stable.

An application of Theorem 3.1. Let S' denote the circle and let g be an
orientation-preserving C>-diffeomorphism of S' satisfying the following:

A. The set F(g) of all fixed points of g is finite and nonempty.

B. Dg(p) # 1 for all p € F(g).
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It is classical that such diffeomorphisms are structurally stable. We will now see that
g is S-semistable.
Let G be the (infinite cyclic) group generated by g.

ProPOSITION 3.2. H'(G, W(TS")) = 0.

PrOOF. Let p,...,p, be the fixed points of g. It is easy to see that n is even and we
may assume Dg(p,) <1 if i is odd and Dg( p;) > 1 if i is even. Let {U;}2", be an
open cover of S’ satisfying the following conditions:

(a) U, is connected, 1 <i < 2n.

(b) p; € U if and only if j = 2i.

() Dg(x) #lifx € Uy, 1 <i<n.

(d) If i is odd then there is an integer N >0 such that |j|= N implies that
gU)NU=o.

Let §,, 1 < i< 2n, be a smooth partition of unity subordinate to this cover. To
prove the proposition we must show that I — g,.: W(TS') > W!(TS") is onto. This
will be done by constructing a right inverse to / — g.. as in Robbin [14]. Let
v € WYTS') and define J(v), 1 <i <2n, by

J(v) = § g4(8;v) ifi =0 (mod4)
=0

J

and

o0
Ji(v) =-3 gz/(8v) ifi=0(mod4).
j=1
If J;, 1 <i<2n,is well defined we have
2n

2n 2n
(1=82) T 4(0) = 3 (1= 8)/(0) = S 80 =0.

i=1 i=1
We proceed to show J; is well defined for each 1 <i < 2n.
Case 1. 1f i is odd then the sum 2% g£(8;0) is finite by (d).
Case 2. If i =2 (mod 4) then Dg(x) <1 for all x € U. Let p = p;, U= U, and
w = §;v.

We must show that 2%, g4w converges in W'(TS'). We do this by showing that

there is a constant C and a positive real number b < 1 such that [ g4wll} < Cb/llwlI},
where || I, is the norm in W\(TS").
A few lemmas are needed. Let

a = min{| Dg(x)||x € U},

b= max{] Dg(x) || x € U},

¢ = max{| D’g(x)||x € U}.
LEMMA 3.3. Dg/(x) < b’ for all j = 0 and all x € U.
PROOF. This is immediate from the chain rule and the fact that g(U) C U.
LEMMA 3.4. | D’g/(x)/Dg/(x)|< c¢/(a(l — b)) for all x € U and j = 1.
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Proor. First, note that

D’g/(x) 5 D(g'(x) ) .
© Dgi(x) % Delgi(x) £

is valid by induction on j. For j = 1, (6) is trivial and

D%/*'(x) _ D’g(g’(x))Dg/(x)’ + Dg(g’(x))D%g’(x)
Dg’/*(x) Dg(g/(x))Dg’(x)
_ D%(g’(x)) L)+ D(x)
Da(z/(x)) &) " Dgitx)

completes the induction step.
Using equation (6) we see that

Dg(x)| _|'y Ds(8'(x) ., ‘

Dg/(x) | |Zo Dg(g'(x)) Pe)
g ng(gi(x)) i x
i=o| Dg(g'(x)) |Pex)1

« € cl—b c
— = <<
.ga al—b a(l —b)’

This completes the proof of the lemma.
The following calculation finishes the proof of the claim. Let [ denote integration
over U.

lgiwl? = [(gaw(x))* dx + [[D(giw)(x)]" dx
= [Dg/(g7/(x)) w(g~(x))’ dx
+ [[D%/(g7/(x)) Dg~/(x)w(g (%))
+ Dg/(g7/(x)) Dw(g/(x)) Dg~/(x)]” dx
= / » )Dgf(x)3w(x ) dx

+fg [ng/(x)Dg i(g%(x))w(x) + Dw(x)]’ Dg/(x) dx

—ngf(x) w(x)® dx +f w(x) + Dw(x)| Dg/(x) dx

D%/(x)
Dg/(x)
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< BY 2 _IMWX ’ J(x) dx

<b¥ [w(x)ax+2 Dei(x) (x)| Dg/(x)d
+2wa(x)2Dg’(x)dx

< (b +2K77) [w(x) dx + 25/ [Dw(x)*dx where K = 20 =0) = 5)

< Cb/|lwll? where C = max{1 + 2K?,2}.

This completes Case 2.
Case 3. If i = 0 (mod 4) the argument which shows that 2%, gz/w converges is the
same as the one given above for Case 2. This completes the proof of Proposition 3.2.
Since DR is the zero map for G, we see that if f is a C3-diffeomorphism of S'
which is sufficiently C3-close to g then there is an onto map h € W(S', S') such
that goh=ho f.

PROPOSITION 3.5. Let G = {a, b|a?, b*) and let a: G - Diff*(S") be a C*-action
such that a(ab) satisfies conditions A and B. Then H'(G, W'(TS')) = 0.

PROOF. The proof uses the following fact (see [17]). Let 4 be a G-Hilbert space
and let H be a subgroup of G of finite index. Then H'(H, A) = 0 implies that
H'(G, A) = 0. In Proposition 3.5 the subgroup generated by the element ab clearly
has index two in G. The result then follows by Proposition 3.2.

Putting Propositions 2.4 and 3.2 together and applying Theorem 3.1 yields the
following result.

PROPOSITION 3.6. a is S-semistable.

Three theorems. Let G and H be finitely presented groups. Let « and B be actions
of G and H on some closed smooth manifold M, and let a * 8 be the action of G * H
on M described in the last section of Chapter II.

THEOREM 3.7. Suppose a and B satisfy the hypotheses of Theorem 3.1. Then a * 8
satisfies the hypotheses of Theorem 3.1 if and only if

(7) W(TM) = H°(G,W*(TM)) + H°(H, W*(TM)).
PRroOF. The Mayer-Vietoris sequence (see [17]) for G * H is

0~ HG+ H) - H(G) ® HY(H) 5 HO(e)

- H(G*H)-> H(G)®H'(H) > ---

where the coefficients are understood to be W*(TM) and e denotes the group with
one element. Since d(x, y) = x —y, H%e) = WSTM) and H(G) = H'(H) =0
by hypothesis we see that H'(G * H) = 0 if and only if (7) holds. Proposition 2.4
now finishes the proof.

Let a be as above. We will say that a is expansive if there is some metric d
inducing the topology on M and a positive real number ¢ such that for every pair of
distinct points p and g in M there is an element g € G such that d(a(g)p, a(g)q) > e.
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THEOREM 3.8. If a is expansive and satisfies the hypotheses of Theorem 3.1 then « is
S-structurally stable.

PrOOF. We may choose g sufficiently close to a so that 4 in equation (6) satisfies
d(h(x), x) <e/2 for all x € M and h is onto. It suffices to show 4 is one-to-one.
Let p and g be points in M such that #( p) = h(q). Then for all g € G,

ha(g)p = B(g)h(p) = B(g)h(q) = ha(g)q.
Therefore,

d(a(g)p,a(g)q) <d(a(g)p, ha(g)p) + d(ha(g)p, ha(g)q)
+d(ha(g)g,a(g)q) <e/2 +e/2 =¢.

But this contradicts the fact that « is expansive. Hence, 4 is one-to-one.

Let a € Act“(G, M) where G is a finitely presented group of type (FP), and M is
a smooth closed d-dimensional manifold. Let s be an integer such that d/2 <s <k
-1

THEOREM 3.9. If H'(G,WS(TM)) = 0 and H*(G, WS(TM)) is finite dimensional
then a is S-semistable. Furthermore, if a is also expansive then a is S-structurally
stable.

PRrOOF. This is a combination of Theorem 3.1, Proposition 2.2 and Theorem 3.8.
APPENDIX

Let U be a bounded open subset of Euclidean space, R", with smooth boundary.
Let U be the closure of U. Define C*(U, R™) to be the set of functions from U into
R” that can be extended to a C*-function on some open set in R” containing U. To
describe the Sobolev spaces W*(U,R™), we introduce norms | |, on C*(U,R™) as
follows: Let f € C®°(U,R™) and recall that D*f: U — L*(R",R") where L*(R",R")
denotes the set of k-linear maps from R*" to R™ with the standard norm. Set

B =[ 3 IDH(I? ds.
Uk=0

Now, W*(U,R™) is defined to be the completion of C*(U, R™) with respect to the
norm | |,. Note that W*(U,R™) is a Hilbert space with inner product,

(f8).= [ T (DY(x) - D'g(x)) dr,
k=0
where the inner product on LX(R", R™) is induced from R™. The following theorem is

useful in Chapter I1I.

SoBOLEV’S THEOREM. If s>n/2 + k then W*(U,R™) C C*(U,R™). When
Ck(U,R™) has the standard Whitney C*-topology this inclusion is continuous.

Let M and N be smooth closed manifolds of dimension m and »n respectively.
Define W*(N, M) to be the space of functions f: N — M such that for any p € N
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and any chart (U, {) containing p and any chart (V, ) containing f( p) the map
Yo fol 't {(U) - R™is in the space W*({(U),R™). Using the Sobolev Theorem
this definition can be shown to be independent of charts for s > n/2. The case
s < n/2 is full of (possibly interesting) subtleties and will not be deal with here. In
the following assume s > n /2.

THEOREM A.l. W*(M, N) is a smooth Hilbert manifold whose tangent space at
fE€ W(M,N)is
TW(M,N)={v€ W(M,TN)|mycv=f}.
Let f, g € Diff"(M), k = s, and let [ f, g): WS (M, M) > W*(M, M) by [ f, gl(h) =
fohog.
THEOREM A.2. [ f, g] is a C**-map of Hilbert manifolds.

THEOREM A.3. The assignment f — [ f, g] for fixed g is a continuous map,
CK(M, M) - C*S(Ws(M, M), W*(M, M)).

Notes. Sobolev’s Theorem can be found in any book on Sobolev spaces, see for
example [1]. The best references for Theorems A.l1 and A.2 are the papers of Ebin,
Fischer and Marsden [5, 6]. The proof of Theorem A.3 is found in [9].
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